
Sparsity dependence of Krylov state complexity in the SYK model

Raghav G. Jha 1,* and Ranadeep Roy 2,†

1Thomas Jefferson National Accelerator Facility, Newport News, Virginia 23606, USA
2The Ohio State University, Columbus, Ohio 43210, USA

(Received 18 August 2024; accepted 30 July 2025; published 21 August 2025)

We study the Krylov state complexity of the Sachdev-Ye-Kitaev (SYK) model for N ≤ 28 Majorana
fermions with q-body fermion interaction with q ¼ 4, 6, 8 for a range of sparse parameter k that controls
the number of remaining terms in the original SYK model after sparsification. The critical value of k below
which the model ceases to be holographic, denoted kc, has been subject of several recent investigations.
Using Krylov complexity as a probe, we find that the peak value of complexity does not change as we
increase k beyond k ≥ kmin at large temperatures. We argue that this behavior is related to the change in the
holographic nature of the Hamiltonian in the sparse SYK-type models such that the model is holographic
for all k ≥ kmin ≈ kc. Our results provide a novel way to determine kc in SYK-type models.
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I. INTRODUCTION

The holographic conjecture has been a significant
advance over the past three decades. It suggests that certain
quantum field theories or many-body systems encode
gravitational behavior in a specific limit. This is useful
because it offers crucial insights into the details of a
prospective theory of quantum gravity by understanding
quantum many-body systems. The best known example is
the Sachdev-Ye-Kitaev (SYK) model [1–3] that has been
extensively studied using classical [4,5] and quantum
computers [6–8].
In many-body systems with holographic behavior, such

as the SYK model, it is always intriguing to probe the
extent to which one can simplify the Hamiltonian while still
retaining the holographic features. One common measure
of this simplification is determined by how many terms we
can remove from the original Hamiltonian and still have
possible connection to gravitational interpretation. This
question has been well studied since the model was
proposed, and various observables have been computed,
such as the spectral form factor, spectral gap ratio,
Lyapunov exponent [5,9–11] and the maximum allowed
sparsity, or smallest k (defined as the average number of
remaining terms in the Hamiltonian normalized by the
number of fermions, N), to check whether it still retains

holographic features. We refer to this as kc and determining
it from the Krylov complexity is the main result of this
paper. The reported values of kc in the literature vary
considerably [9,11]. In this paper, we use a well-known
observable to characterize the behavior change, which has
not been previously considered, and pinpoint the region
where the model loses its potential connection to quantum
gravity.
To do this, we make use of the Krylov complexity (or

spread complexity) of quantum states under unitary time
evolution [12]. This complexity accurately reflects the
unique behavior of the model and allows us to calculate
the average number of terms required in the Hamiltonian
for a holographic description. Complexity, in general, is a
broad concept that is studied across different areas. For this
work, we will be concerned with the spread complexity of
the initial state, which is a measure of how complicated the
state becomes under time evolution and how much it
spreads in general in Hilbert space.
The spread complexity has been explored before for both

Hermitian and non-Hermitian SYK models [12–15], so it is
not new that we are considering this model. However, as we
show, our work is novel in using the saturation of the peak
value of Krylov complexity to find the boundary between
holographic and nonholographic behavior in SYK-type
models.
Although various notions of complexity have been

proposed in recent decades and its relation to holography
has also been explored [16–18], Krylov complexity has
emerged as a promising framework for studying quantum
chaos with connections to out-of-time-order correlators
(OTOCs) and spectral form factors (SFF) in the last few
years. Krylov operator complexity quantifies the growth
rate of operators (or how the operator spreads) under the
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Heisenberg time evolution. It was first shown in [19] that
this problem can be modeled as a one-dimensional tight-
binding problem, where the position n of a particle in the
Krylov chain signifies the complexity of the time-evolved
operator. The model incorporates hopping terms between
sites, which depend on βn, which determine the probability
of particle spreading along the chain. The coefficients αn
and βn are called the Lanczos coefficients, and their growth
has been proposed to be related to the chaotic nature of the
system as one progresses along the Krylov chain.
Following on the proposal in [19], the authors of [12]
extended the idea to state (or Schrödinger) picture where
the initial state evolves under a given Hamiltonian and
consider the Krylov complexity growth of the state. In
chaotic systems, the Krylov complexity of the state tends to
rise, reach a peak, and then plateau after some time. This is
referred to as the “ramp-peak-slope plateau” and is similar
to the “quartic” behavior of spectral form factors (SFF) one
encounters in random matrix theory, that is, “slope-dip-
ramp-plateau” [20].
However, the number of terms in the Hamiltonian for the

standard SYK model grows as ∼N4 where N is the number
of Majorana fermions. This dense nature of the
Hamiltonian, is not very suitable for numerical computa-
tions, and various works have considered the extent to
which the model can be truncated (or sparsified) so that it
still retains the holographic features starting with Ref. [9].
The basic motivation is to find a model in which the
number of terms is proportional toN. The coefficient of this
scaling, k, which results in the number of terms remaining
in the Hamiltonian kN, where the model is still holo-
graphic, has been subject to much investigation [9,11]. We
refer to this as kc in this paper.
In this work, we propose additional inference one can

draw from the Krylov complexity. It has been well
established that the peak in spread complexity is a
characteristic signature of chaotic systems. If beyond a
certain value of k (which we refer to as kmin), the peak value
of the spread complexity ceases to increase starting with an
initial state (defined later) it means that the system is
sufficiently dense and close to the critical sparsity. On the
other hand, if for a given k the peak value of the spread
complexity has not saturated to its maximal value, the
system (described by the Hamiltonian) is not dense enough
and thus cannot admit holographic features.
We outline and summarize the approach to Krylov

complexity in Fig. 1 and focus on the state approach to
complexity. In Sec. II we discuss the sparse and dense SYK
models for general q and N Majorana fermions, including
the mapping to qubits to construct the Hamiltonian. In
Sec. III, we discuss the various observables constructed
from the Krylov basis, and argue how Krylov complexity
can be utilized to detect the critical sparsity for various N
and q, locate kmin using the peak value of the Krylov
complexity as a diagnostic of the change in holographic

behavior, and present the results that point to kmin ≈ kc
when the temperature is sufficiently large. In Sec. IV, we
consider thermofield double state to explore the temper-
ature dependence as previously considered in various
works [12,21]. We conclude the paper with a summary
and future directions and provide additional details in the
Appendix.

II. SPARSE AND DENSE SYK MODELS

The model was introduced [2] as a q ¼ 4 all-to-all
Hamiltonian. However, q > 4 interactions have also been
explored [3] and the model is also solvable in the large q
limit, similar to the N limit. We refer to such versions as the
sparse or dense q-SYK models. In this work, we will focus
on q ¼ 4, 6, 8. The Hamiltonian for the general SYKmodel
with N-Majorana fermions is

H ¼ iq=2

q!

XN
pi1i2���iqJi1i2���iqψ i1ψ i2 � � �ψ iq ; ð2:1Þ

where the factor of iq=2 ensures the Hermitian nature of the
Hamiltonian and ψ i are the Majorana fermions (ψ†

i ¼ ψ i)
satisfying the standard anticommutation relation
fψ i;ψ jg ¼ δij. The probability of retention of any term
is determined by p. If a uniform random number taken
between 0 and 1 is greater than p, then pi1i2���iq is set to zero,
and if it is smaller than or equal to p, then pi1i2���iq is set to 1.
The probability p is related to N and k as p ¼ kN=ðNqÞ so
that the average number of terms retained in the model is
≈kN. The smallest value of k where the model is still
holographic is referred to as kc in the literature. The usual
dense SYK is obtained if p ¼ 1 or k ¼ ðNqÞ=N. The random
couplings Ji1i2���iq are drawn from a Gaussian distribution
with mean and variance given by

Ji1i2���iq ¼ 0; J2i1i2���iq ¼
ðq − 1Þ!J 2

pNq−1 : ð2:2Þ

FIG. 1. The approaches to Krylov complexity using two
pictures (Schrödinger and Heisenberg). The operator method
was first proposed in [19] and the state spread was proposed in
[12]. The state corresponding to the operator O is represented by
j·) using the standard Choi-Jamiolkowski isomorphism.
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In this work, we will focus on q ¼ 4, 6, 8 with J ¼ 1. To
construct the Hamiltonian H, we first encode the Majorana
fermions using the Jordan-Wigner transformation. The N
fermions in (2.1) can be written in terms of the tensor
product of N=2 Pauli matrices X, Y, Z and the identity
matrix I as

χ2k−1 ¼
1ffiffiffi
2

p
�Yk−1

j¼1

Zj

�
XkI⊗ðN−2kÞ=2;

χ2k ¼
1ffiffiffi
2

p
�Yk−1

j¼1

Zj

�
YkI⊗ðN−2kÞ=2; ð2:3Þ

where the factor of the square root is to ensure the
normalization as in Ref. [2]. Using this, we can construct
the Hamiltonian for sparse and dense SYK models. The
size of the Hamiltonian for N is 2N=2 × 2N=2, i.e., N=2-
qubit Hamiltonian.

III. KRYLOV OBSERVABLES AND
LIMIT OF SPARSITY

In this section,wediscuss theobservables thatwecompute
using the algorithm described in the Appendix. The most
important observable is K-complexity, which has a peculiar
structure, and the average value of the peak- and late-time
disorder captures the chaotic nature of the Hamiltonian. As
wewill see from our numerical results, there is a dependence
on sparsity such that the peak value of Krylov complexity
saturates and is independent of k beyond k ≥ kmin.

A. Spread complexity

Consider a quantum state jψðtÞi, obtained from an initial
state jψ0i through a unitary time evolution as

jψðtÞi ¼ e−iHtjψ0i: ð3:1Þ

One way of characterizing the complexity of the evolved
quantum state is to find the minimal length in a particular
Riemannian geometry [22]. However, this is not the only
possibility and various proposals have been considered
including some for quantum field theories [23]. However,
in recent years, inspired by methods in linear algebra, a new
definition of complexity has been considered that will be
the subject of this work. To compute the complexity of the
spread of the initial state (spread complexity), one can
expand the evolved state in any choice of orthonormal basis
B ¼ fjBni; n ¼ 0; 1; 2;…g, with jB0i ¼ jψ0i. A physi-
cally relevant basis is one that minimizes

CBðtÞ ¼
X
n

njhψðtÞjBnij2; ð3:2Þ

across all possible choices of B. We then define the spread
complexity as follows:

KðtÞ ¼ min
B

CBðtÞ; ð3:3Þ

and the basis that minimizes the complexity in (3.3) is a
special basis known as the Krylov basis [12]. Therefore, we
will also refer to the spread complexity as K-complexity
(where K stands for Krylov). One can construct such a
basis starting from a given state and Hamiltonian H as
detailed in the Appendix with the Lanczos algorithm [24].
If we take the orthonormal and ordered Krylov basis
K ¼ fjKni; n ¼ 0; 1; 2;…g, with jK0i ¼ jψ0i as jKni,
then the K-complexity is defined as

CKðtÞ ¼KðtÞ ¼
X
n

cnjhψðtÞjKnij2 ¼
X
n

njϕnðtÞj2; ð3:4Þ

where n is the index of the Lanczos coefficient, t is the
evolution time and ϕnðtÞ ¼ hKnjψðtÞi and jψðtÞi is the
evolved state. As summarized in Fig. 1, this notion of
complexity is accessible from both operator [19] and state
[12] pictures of quantum dynamics. In [12], it was
established for chaotic systems spread complexity exhibits
a characteristic profile: ramp, peak, downward slope, and
plateau. At the same time, it is understood that sparse SYK
models exhibit a maximally chaotic gravitational sector at
low temperatures provided it is dense enough [9]. This
suggests that if we can identify the value of k at which the
spread complexity ceases to increase, it would mean that
the system has become maximally chaotic1 We start with a
uniform superposition state and compute the complexity to
late times J t=Dwhere J is the disorder strength as defined
in (2.2) and D is the dimension of both the Hilbert and the
Krylov space. We vary the average number of terms in the
Hamiltonian by changing k for fixed N and compute the
Krylov complexity. As we increase k, we find that the peak
value of complexity increases, becoming independent of k
beyond a certain value of k, i.e., kmin. The determination of
kmin is as follows. We compute KðtÞ for different k, i.e.,
1 ≪ k ≪ Nq−1=q! for the q-SYK model. We refer to
models with k ∼ Nq−1=q! as dense SYK models.2 We
compute the peak value of KðtÞ and denote it by K̃ð·Þ
where the subscript refers to the number of terms in the
Hamiltonian. We take the initial state in this work to be a
uniform superposition (pure) state, i.e., jψ0i ¼ ðHj0iÞ⊗N=2

where H is the Hadamard gate. We also consider the
thermofield double (TFD) state in Sec. IV to include the
temperature dependence. We then compute the difference
of maximum complexity in the dense model and
Hamiltonian with kN terms and minimize it over k, i.e.,

1We refer the reader to Ref. [21] for the temperature depend-
ence of Krylov complexity in sparse SYK models and Sec. IVof
this paper.

2This is because k ¼ ðNqÞ=N ∼ Nq−1

q! for large N.
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kmin ¼ min k∈
�
1

q
;

�
N

q

��
; ð3:5Þ

s:t:
jK̃dense − K̃kN j

K̃dense
≤ ϵ ð3:6Þ

where ϵ is the allowed error in our estimate which we set to
ϵ ¼ 0.02 due to the finite precision due to the number of
samples we considered in this work.

B. K-entropy and state localization

In addition to K-complexity, one can also define the
entropy by noting that jϕnðtÞj2 which describes the absolute
value of ϕ at index n of the Krylov chain at time t sums up
to one [17]. It is defined as

SKðtÞ ¼ −
XD−1

n¼0

jϕnðtÞj2 log jϕnðtÞj2: ð3:7Þ

Another useful observable to understand the localization
of the state in the Krylov basis is to dynamically assess the
strength of wave function localization in the Krylov basis,
we can use the extension of inverse participation ratio [25]

in this basis referred to as Krylov inverse participation
ratio [26], R, defined as

RðtÞ ¼
XD−1

i¼0

jϕnðtÞj4: ð3:8Þ

Higher values of R indicate a more localized state, with an
upper bound of 1. The minimum value is 1=D when
completely delocalized, where D is the dimension of the

TABLE I. The obtained values of kmin for different N and q
determined using (3.6) using the superposition state. The number
of terms in the sparse Hamiltonian is kN on average while the
number of terms in the dense Hamiltonian is ðNqÞwhich grows like
Nq=q!. The computed values are disorder averages over at least
ten instances of the model.

N q ¼ 4 q ¼ 6 q ¼ 8

16 2.6 2.3 2.2
20 2.5 2.2 2.1
22 2.2 2.1 2.0
24 2.0 1.9 1.9
26 1.7 1.5 1.9
28 1.5 1.5 1.5

FIG. 2. The time evolution of complexity K for N ¼ 24 with q ¼ 4, 6, 8. The late-time value of the peak of Krylov complexity
increases with k and becomes independent for k > kmin. We find the standard ramp-peak-slope-plateau behavior. The shaded region
denotes the error due to the disorder averaging over multiple instances of the model.
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FIG. 3. The evolution of complexityK for N ¼ 26 with q ¼ 4, 6, 8. The late-time value of complexity and the peak increase with k and
become independent for k > kmin. The shaded region denotes the error due to the disorder averaging over multiple instances of the model.

FIG. 4. The evolution of complexityK for N ¼ 28 with q ¼ 4, 6, 8. The shaded region denotes the error due to the disorder averaging
over multiple instances of the model. Our results show that the model is holographic (with the errors due to a small number of samples)
for kmin ¼ 1.5 which corresponds on average to 42 remaining terms in the Hamiltonian.
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Krylov space and also the Hilbert space, i.e., D ¼ 2N=2.
Our results indicate that (exponential of) Krylov entropy
can also be used to determine critical sparsity.

C. Results

Using the peak value of the complexity K, we determine
kmin for various N and q as shown in Table I. As
representative examples of how the various K-observable
behave at different times, we show the Krylov spread
complexity for N ¼ 24, 26, 28 for different q in Figs. 2–4
respectively. The critical sparsity from our computations is
given in Table I for N ¼ 16, 20, 22, 24, 26, 28 and q ¼ 4,
6, 8. Our results show a negligible dependence of kmin on q
with increasing N. We also find that kmin decreases as we
increase N and is independent of N for large N. Our results
suggest that for any q at large N, keeping 3N=2 terms on
average in the Hamiltonian results in a model with the
same holographic properties as the dense SYK model. For
the K-entropy, we found that the initial growth follows the
exponential growth of the K-complexity and the timescale
associated with the plateau of the entropy is close to the
peak of the spread complexity and is around J t ∼ 1250.
The results are shown in Fig. 5. The results for the inverse
participation ratio for N ¼ 26 and q ¼ 4 is shown in Fig. 5.
Starting with t ¼ 0, we find that the model delocalizes
quickly and independently of the sparsity k.

IV. TFD STATE AND TEMPERATURE
DEPENDENCE

Finally, we compute the spread complexity with the
thermofield double (TFD) state as the initial state and
explore the temperature dependence as shown in Fig. 6.
The TFD state is pure state determined up to phase in the
doubled Hilbert space and defined as

jTFDi ¼
X
n

1ffiffiffiffiffiffi
Zβ

p e
−βEn
2 jnijni ð4:1Þ

where ZðβÞ is the thermal partition function of the
original system and fjnig denotes the set of eigenstates
of the original Hamiltonian. We take the subsystems to be
the same disordered Hamiltonians, i.e., H ¼ HL ¼ HR.
The time evolution of this TFD state [12] governed by the
Hamiltonian

H ¼ ð1=2ÞðHL ⊗ I þ 1 ⊗ HRÞ; ð4:2Þ

and given by

jψðtÞi ¼ e−itHjTFDi; ð4:3Þ
is contained within the space spanned by fjni; jnig. The
algorithm for computing Krylov complexity works in the
subspace where the maximum dimension of the explored
Hilbert space is 2n even though theTFDstate is of dimension
22n. ForN ¼ 26 andq ¼ 4, we find that kc ≈ 1.7 in the high-
temperature limit (β ≤ 0.6) with both the superposition state
and the TFD state for q ¼ 4. However, as β increases, it
appears that one cannot draw a similar conclusion for q ¼ 4.
This means that for the low-temperature (large β) regime
wherequantumchaos is expected to saturate the chaosbound
for the SYK model, we cannot relate3 the saturation of the
peak of Krylov complexity directly to the critical sparsity
with thenumerical data available tous.Wewill address this at
larger N and explore q dependence in a future work.

V. SUMMARY

We computed the critical sparsity (number of terms
remaining) in the dense SYK model Hamiltonian such that
it still retains holographic features from Krylov complexity.
To do this, at large temperatures, we used the saturation of
the peak value of the Krylov state spread complexity as a
probe. We find that for k≳ kmin, the peak value is
independent of k up to the dense limit ∼Nq−1=q!.

FIG. 5. Left: the evolution of the K-entropy for N ¼ 26, q ¼ 4. The entropy for both k increases similarly until J t ≈ 500 and then
depending on the sparsity, the rate of increase and plateau value are different. Right: the evolution of inverse participation ratio (IPR) for
N ¼ 26, q ¼ 4 for k ¼ 1, 5.

3We thank the referees for emphasizing this point.
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We also studied the dependence on q and found that kmin
has very mild or no dependence on the q-body interaction
at sufficiently large N. Our results and those obtained
recently in Ref. [13] appear to imply that the critical
sparsity for both the Hermitian and non-Hermitian SYK
models is approximately the same.
Several previous works have investigated the calculation

of the spectral form factor, spectral gap ratio, or Lyapunov
exponent as a measure of locating the limit of sparsification
in the SYK Hamiltonian. The approach we have taken
is a fundamentally new way of determining this behavior
change and is computationally cheaper and easier to imple-
ment than computing the entire spectrum of the Hamiltonian
as needed for the spectral gap ratio [27] or complicated four-
point our-of-timecorrelators.Our estimateofkmin forvarious
q also clarifies the existing estimates in the literature [9,11]
which differ over a wide range. Obtaining new results for
q ¼ 6, 8,we find that our results forq ¼ 4 are consistentwith
kc < 4 found in [9] and kc ≳ 1 [10].
The peak value of Krylov complexity is an interesting

method for tracking when the Hamiltonian becomes dense
enough to admit holographic properties. It would be
interesting to understand the fine-grained properties of
complexity and its bulk interpretation, and some work in
this direction has already been done [28]. In addition, with

recent interest in quantum computing methods, a more
ambitious goal would be to study the spread complexity
using Krylov methods adapted to quantum hardware [29].
However, currently, the task appears to be challenging due
to the requirement of a large Krylov space dimension, the
need to maintain orthogonality, and resource requirements
for the quantum circuit.
The code used for this work written in Python can be

obtained from Ref. [30].

Note added. As we were preparing the manuscript for
submission, a related preprint was published [21] which
discusses the results in our paper. Following them, we have
also extended our analysis to TFD states which was missing
in the former version of the article. We were informed of
two more closely related papers [31,32]. However, our
results do not overlap, and our focus is on the saturation
of the peakvalue of theKrylov complexity and the numberof
terms retained in the sparse SYK model such that it still
retains holographic properties. Although the emergence of
the peak captures the transition from integrability to chaos
has been well studied [28], we propose an additional feature
by noting that the saturation of the peak value is closely
related to the model changing its holographic property.

FIG. 6. Evolution of complexity K for N ¼ 26 with q ¼ 4 at β ¼ 0, 0.6, 1, 5 As β is increased from β ¼ 0, the peak saturation which
determines kmin can occur rather quickly and is lower than the critical sparsity of the model.
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APPENDIX: REVIEW OF KRYLOV
APPROACH TO COMPLEXITY AND

NUMERICAL DETAILS

The use of Krylov subspace techniques finds multiple
applications in various areas of physics, such as in lattice
field theory for the computation of some eigenvalues of the
fermion operator or in the implementation of the conjugate
gradient. In addition, Krylov techniques are also popular
for the time evolution of quantum systems, for example, see
[5]. They have also been utilized for quantum reservoir
computing [33]. However, the use of Krylov subspace
methods to define a measure of complexity was first
proposed only in Ref. [19].

1. Operator growth

The Heisenberg equation of operator growth (ℏ ¼ 1) is
given by

∂tOðtÞ ¼ i½H;O�; ðA1Þ
The solution to this is the time-dependence of growth of
operator

OðtÞ ¼ eiHtOe−iHt; ðA2Þ
which using the Baker–Campbell–Hausdorff formula can
be written as

OðtÞ ¼ eiLtO

¼
X∞
n¼0

ðitÞn
n!

Ln
HO

¼ Oþ it½H;O� þ ðitÞ2
2!

�
H; ½H;O��þ � � � ðA3Þ

We can consider this evolution as the Schrödinger’s time
evolution where OðtÞ plays the role of operator’s wave
function, and the LiouvillianL as the Hamiltonian. One can
then use a smooth version of ket, i.e., jO) (standard
notation) to denote the Hilbert space vector corresponding
to the operator O as

O≡ jfO0Þ;…;LnO≡ jfOnÞ: ðA4Þ

normalized to 1 using Hilbert-Schmidt inner product, i.e.,
ðAjBÞ ¼ Tr½A†B�. Several other definitions of inner prod-
ucts such as Wightman product have also been used in the

literature. Starting with jfO0Þ, we can use a version of the
Gram–Schmidt orthogonalization procedure to obtain the
Krylov basis. The Krylov space associated with the
operator can be defined as the span of nested commutators
of the Hamiltonian with the operator

HO ¼ span
�
LnO

�
D−1
n¼0

¼ span
�
O; ½H;O�; ½H; ½H;O��; � � ��

ðA5Þ
The iterative procedure gives us the coefficients β which
can then be used to obtain ϕnðtÞ as a solution to the first-
order differential equation

ϕ̇n ¼ −βnþ1ϕnþ1 − βnϕn−1: ðA6Þ
Note that compared to spread complexity, we need only β
coefficients and not α. In the case of open quantum
systems, the Liouvillian is replaced by L which is the
Lindblad or GKSL (Gorini-Kossakowski-Sudarshan-
Lindblad4) operator [34,35] and acts as

LO ¼ ½H;O� − i
X
k

	
LkOL†

k −
1

2
fL†

kLk;Og



ðA7Þ

where L represents the jump operators (also called
Lindblad operators) introduced in [35]. The simplest jump
operator in the SYK model is

Li ∝ ψ i; i ¼ 1; 2;…; N; ðA8Þ

where N is the number of Majorana fermions. We refer to

DðtÞ• ¼
X
k

	
Lk • L

†
k −

1

2
fL†

kLk; •g



ðA9Þ

as dissipator. In this work, we only consider a closed
quantum many-body system. For discussion related to non-
Hermitian SYK systems using Arnoldi or bi-Lanczos
algorithm, we refer the reader to Ref. [36].

2. State approach

In the unitary (closed) evolution, suppose that we start
with a quantum state jψi and a time-independent
Hamiltonian H which corresponds to the sparse or dense
SYK model. The unitary time evolution of the state is
determined by the time-dependent Schrödinger equation

4The paper by Lindblad was received on April 7, 1975 and
published in June 1976 while the one by GKS was received on
March 19, 1975 and published in May 1976.
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i∂tjψðtÞi ¼ HjψðtÞi: ðA10Þ

The solution to (A10) is jψðtÞi ¼ e−iHtjψð0Þi and is equiv-
alent to solving x⃗ ¼ A−1b⃗. The Krylov subspace method to
solve for x⃗ is a well-known method. The Krylov basis has
dimension D which is often smaller than the Hilbert space
dimension, so in such cases the usual Krylov basis does not
span the full Hilbert space, and finding the solution is more
efficient. This is due to the well-known result that given any
nonsingular A of shape d × d, then the solution vector x⃗ is
contained in the Krylov basis, i.e.,

x⃗ ¼ A−1b∈ spanfb; Ab; A2b;…; An−1bg; ðA11Þ

where n ≤ d. To prove this, we can use the Cayley-Hamilton
theorem. Let χðtÞ be a polynomial function of t defined as
χðtÞ ¼ detðtI − AÞwhich is the characteristic polynomial of
A, i.e., χðAÞ ¼ 0. TheCayley-Hamilton theoremstates that if
A is a matrix of size d × d then,

An þ γ1An−1 þ � � � þ γnI ¼ 0: ðA12Þ

Solving for the identity matrix by rearranging terms and
dividing by αn we get

I ¼ −
1

γn
An −

γ1
γn

An−1 − � � � − γn−1
γn

A: ðA13Þ

Multiplying all terms on the left by A−1 gives

A−1I ¼ −
γn−1
γn

I −
γn−2
γn

A − � � � − γ1
γn

An−2 −
1

γn
An−1

and postmultiplying by b completes the proof that the
solution lies in the Krylov basis.
TheGram-Schmidtprocedure applied to jψnigenerates an

ordered orthonormal basis K ¼ fjKni∶n ¼ 0; 1; 2;…g for
the part of the Hilbert space explored by the time develop-
ment of jψð0Þi≡ jK0i. The major part of the numerical
algorithmtocompute the spreadcomplexity is to solve for the
Krylov basis using the Lanczos algorithm. Rather than
writing the implementation of the algorithm from scratch,
one can use the fact that the Hamiltonian is complex
symmetric, and reducing it to Hessenberg form makes it
tridiagonal. So, in essence, by directly doing Hessenberg
which is available in SciPy [37], we can read off the Lanczos
coefficients α and β. However, there are some caveats, as
discussed in [12]. For this work, we explicitly follow the
Lanczos algorithm and carry out full orthogonalization (FO)
of every second vector to obtain the coefficients. The
complete orthogonalization of a given vector with respect
to all previousKrylovvectors is important to ensure that the
computed peak value of complexity is accurate.We show a
difference in the Lanczos coefficients especially β,
with and without FO for N ¼ 22 in Figs. 7(a) and 7(b).
However, FO adds considerably to the overall cost of the
algorithm. Although there are other alternatives, such as
selective orthogonalization [38] and partial orthogonali-
zation [39], we do not pursue them in this work. These
improvements will be required to reach larger values
of N. The sparse SYK Hamiltonian for N ¼ 16 and
k ¼ 2, q ¼ 4 and the reduced Hessenberg form after
implementation of the Lanczos algorithm are shown in
Fig. 8. We provide the Lanczos algorithm5 in Algorithm 1.

(a) (b)

FIG. 7. Disordered average Lanczos coefficients for N ¼ 22 sparse SYK with k ¼ 1.6, q ¼ 4. We find that it is necessary to
orthogonalize every few iterations to ensure that spread complexity is reliably computed. (a) Lanczos coefficients with orthogonalization
with respect to all previous vectors with gap = 2. See Algorithm 1 for details. (b) Lanczos coefficients with no additional
orthogonalization.

5The algorithm is due to Cornelius Lanczos, a Hungarian
mathematician and one of the Martians. The original motivation
of the algorithm was the tri-diagonalization of a Hermitian matrix.
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Once we have the coefficients α and β at the end of the
Lanczos algorithm, we use the first-order integrator to
solve for ϕnðtÞ needed to compute the complexity defined

in (3.4). We solve the differential equation as mentioned in
Fig. 1 using odeint from SciPy.integrate
import odeint.
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