
Tensor renormalization group approach to critical phenomena via
symmetry-twisted partition functions

Shinichiro Akiyama ,1,2,* Raghav G. Jha ,3,† Jun Maeda ,4,‡ Yuya Tanizaki ,5,§ and Judah Unmuth-Yockey6,7,∥
1Center for Computational Sciences, University of Tsukuba, Tsukuba, Ibaraki 305-8577, Japan

2Graduate School of Science, The University of Tokyo, Bunkyo-ku, Tokyo, 113-0033, Japan
3Department of Physics and Astronomy, North Carolina State University,

Raleigh, North Carolina 27695, USA
4Department of Physics, Kyoto University, Kyoto, 606-8502, Japan

5Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan
6Capital One, Chicago, Illinois, USA

7Fermi National Accelerator Laboratory, Batavia, Illinois, USA

(Received 7 January 2026; accepted 11 March 2026; published 2 April 2026)

The locality of field theories strongly constrains the possible behaviors of symmetry-twisted partition
functions, and thus they serve as order parameters to detect low-energy realizations of global symmetries,
such as spontaneous symmetry breaking (SSB). We demonstrate that the tensor renormalization group
(TRG) offers an efficient framework to compute the symmetry-twisted partition functions, which enables
us to detect the symmetry-breaking transition and also to study associated critical phenomena. As concrete
examples of SSB, we investigate the two-dimensional (2D) classical Ising model and the three-dimensional
(3D) classical Oð2Þ nonlinear sigma model, and we identify their critical points solely from the twisted
partition function. By employing the finite-size scaling argument, we find the critical temperature
Tc ¼ 2.2017ð2Þ with the critical exponent ν ¼ 0.663ð33Þ for the 3D Oð2Þ model. In addition, we also
study the Berezinskii–Kosterlitz–Thouless (BKT) criticality of the 2D classical Oð2Þ model by extracting
the helicity modulus from the twisted partition functions, and we obtain the BKT transition temperature,
TBKT ¼ 0.8928ð2Þ.
DOI: 10.1103/ywhr-lt6w

I. INTRODUCTION

Tensor networks have become a powerful framework for
investigating quantum many-body physics. One of the most
successful approaches is the density matrix renormalization
group (DMRG) [1], which is a variational method based on
the matrix product state [2]. In parallel, tensor networks also
provide a means to study quantum systems through their
corresponding classical counterparts in the path-integral
formalism. The corner transfer matrix renormalization
group (CTMRG) [3] is one such method. It was pointed
out in Ref. [4] that CTMRG can be understood as a
variational approach grounded in Baxter’s corner transfer

matrix formulation [5,6]. Furthermore, the tensor renorm-
alization group (TRG) [7] constitutes a practical realization
of real-space renormalization group methods, allowing for
numerical evaluation of partition functions and their path-
integral representations.
By directly computing partition functions and path

integrals, the TRG gives access to a wide range of
thermodynamic quantities, which are crucial for under-
standing phase structures of many-body systems. To this
end, several techniques, such as the impurity tensor method
[8] and automatic differentiation [9], have been developed
to compute thermodynamic quantities with high accuracy.
In addition, the TRG also offers an approach to studying
critical phenomena via conformal field theory (CFT) data,
such as central charges and scaling dimensions, owing to its
capability to numerically construct transfer matrices [10],
and various TRG algorithms including the tensor network
renormalization (TNR) algorithm [11–15] have been
widely used to accurately access the CFT data.
Gu and Wen proposed a way to determine critical points

through a ratio of partition functions with periodic boundary
conditions [10], which we refer to as the Gu–Wen ratio in
this paper. This ratio computes the ground-state degeneracy,
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just from partition functions, when the system has a discrete
global symmetry. Therefore, the Gu–Wen ratio has been
used to locate the critical point associated with the
spontaneous ZN symmetry breaking involving various spin
models [16–19], the Z2 charge conjugation symmetry
breaking in the lattice gauge theories with a topological
θ term [20,21], and confinement-deconfinement phase
transition at finite temperature in the Z2 gauge theory
[22]. In addition to the finite-size scaling analysis for the
Gu–Wen ratio [23], the universal values for the Gu–Wen
ratios at criticality can also be obtained from the CFT
through the modular-invariant partition functions [24,25].
Furthermore, recent work [26] has suggested that the Gu–
Wen ratio may also be useful for locating critical points
associated with the spontaneous breaking of global con-
tinuous symmetries.
The essence of the Gu–Wen ratio is based on the fact that

the locality of field theories strongly constrains the possible
behaviors of the low-energy effective theory and its
partition function. The partition function itself contains
the nonuniversal contribution that depends on the details of
the ultraviolet (UV) physics, but this ambiguity appears
only through the local counterterm of the low-energy
effective theory. The Gu–Wen ratio is designed to eliminate
this nonuniversal contribution and extract the low-energy
data, such as the ground-state degeneracy for the sponta-
neously broken discrete symmetries.
We can now readily extend this idea to the symmetry-

twisted partition functions when the field theory of interest
enjoys global discrete and/or continuous symmetries [27]
(see Refs. [28,29] for earlier works of using symmetry
twists in lattice QCD). In this paper, we demonstrate that the
ratios between the symmetry-twisted and ordinary partition
functions are useful order parameters to identify the phase
transitions associated with the spontaneous symmetry
breaking (SSB) for both discrete and continuous global
symmetries. We show that the TRG approach is suited to
compute the twisted partition functions by imposing the
symmetric structure in tensor networks. For our demon-
stration, we numerically compute the twisted partition
functions of the two-dimensional (2D) Ising model and
also of the three-dimensional (3D) Oð2Þ model, and their
critical phenomena are successfully studied. We further
apply our method to the 2D Oð2Þ model, where our
approach enables a direct computation of the helicity
modulus from the twisted partition functions, and we get
a clear signal for the Berezinskii–Kosterlitz–Thouless
(BKT) transition.
The paper is organized as follows. In Sec. II, we give a

brief review of the symmetry-twisted partition functions and
their universal behavior based on Ref. [27]. We then explain
the way to compute the twisted partition functions using the
TRG method in Sec. III. In Sec. IV, we show our numerical
results of the twisted partition functions for the 2D Ising
model (for Z2 SSB), the 3D Oð2Þ model (for Uð1Þ SSB),

and also the 2D Oð2Þ model (for BKT criticality).
Conclusions and discussions are given in Sec. V. In
Appendix A, we give the general computation of the twisted
partition functions on the torus for 2D CFTs. In Appendix B,
we discuss the finite bond-dimension effect of the 3D Oð2Þ
model in the thermodynamic limit.

II. TWISTED PARTITION FUNCTIONS AS ORDER
PARAMETERS FOR SPONTANEOUS-SYMMETRY

BREAKING

Let us consider a local field theory that describes a
Euclidean quantum field theory (QFT) or a classical stat-
istical system. We assume that the field theory has a global
symmetry, and we would like to diagnose its low-energy
realization. The most standard approach to this problem is to
consider correlation functions of the local order parameters.
Their off-diagonal long-range behavior detects the sponta-
neous breaking of the global symmetry, and this technique is
quite powerful when we study the system numerically using
the Monte Carlo method. For the TRG, however, it is not
necessarily easy to compute the long-range behaviors of
local correlators, and some alternative quantities would be
desired to efficiently identify the low-energy symmetry
realization using TRG.
With global symmetries of local field theories, one can

introduce their background gauge fields, which we for-
mally write as A, and let Z½A� denote the partition function
under the presence of the background gauge field A. To be
concrete, let us take a lattice regularization of the system of
interest, and we further assume that the global symmetry G
without ’t Hooft anomalies is realized as the on-site action.
For the lattice degrees of freedom ϕx, where x labels a site
on the lattice Γ, the symmetry g∈G acts as ϕx ↦ g · ϕx.
Then, the background gauge field A is nothing but the set of
link variables fUx;μgx;μ ∈G⊗ðlinksÞ, where we replace the

hopping term ϕ†
xþμ̂ϕx by ϕ†

xþμ̂Ux;μϕx. This achieves the
local gauge invariance for the background gauge field,

Z½Aλ� ¼ Z½A�; ð2:1Þ

where λ∶Γ → G is the gauge-transformation parameter and
Aλ ¼ fλ−1xþμUx;μλxgx;μ is the gauge transformation of A by λ.
This relation is exact by construction, and thus it has to be
respected by the low-energy effective field theory. This fact
gives a strong constraint on the low-energy effective theory
and its coupling to the background field A.
In this paper, we focus on the cases where the back-

ground gauge field A is flat, i.e., P
Q

ðx;μÞ∈ ∂p Ux;μ ¼ 1∈G
for any local plaquettes p. Then, the only gauge-invariant
data of the background field A is captured by its holon-
omies around nontrivial cycles γ, i.e., P expði Rγ AÞ, and
these holonomies correspond to turning on symmetry-
twisted boundary conditions, which can be explicitly seen
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by eliminating A from the Lagrangian via an aperiodic
gauge transformation. The exact property (2.1) combined
with the locality strongly restricts possible behaviors of the
symmetry-twisted partition functions, i.e. Z½A� for flat A
fields, and this justifies to use Z½A� as the order parameters.
In the following part of this section, we shall review its
properties based on Ref. [27] for some basic examples that
are relevant in the rest of this paper.1 In later sections, we
will show that these quantities can be efficiently computed
using the TRG techniques.

A. Spontaneous breaking of discrete symmetries

Let us consider a gapped phase where a discrete
symmetry G is spontaneously broken to a subgroup H,

G⟶
SSB

H. We take the Euclidean spacetime as the torus Td of
the size L1 × L2 × � � � × Ld. The flat background gauge
field A is characterized by the holonomies ðg1; g2;…; gdÞ
along each direction of Td, and we completely identify
them in the following. Here, let us take the symmetry twist
only along the dth direction, A ¼ ð1;…; 1; g0Þ, and we
consider the infinite-volume behavior of the partition
function Zg0 ¼ Z½A ¼ ð1;…; 1; g0Þ� with the symmetry
twist by g0 ∈G.
Since we have assumed the presence of the mass gap,

the low-energy limit of the system is characterized by the
label of the vacua satisfying the cluster-decomposition

property. For G⟶
SSB

H, each vacuum state is labeled by an
element of the left coset G=H ¼ fgHjg∈Gg [34,35].
When we impose a twisted boundary condition with
g0 ∈G along the dth direction, a vacuum gH is mapped
to g0gH under the twist. Thus, the dominant contribution
to the twisted partition function comes from the vacuum
states that remain invariant under the twist, i.e., those
satisfying g0gH ¼ gH. If no such invariant vacuum exists,
the configuration necessarily contains a domain wall
separating different vacua. Since a domain wall carries
a finite tension ΛDW and extends over a spatial volume, its
contribution to the partition function gives exponential
suppression as expð−ΛDWL1 � � �Ld−1Þ in the large-volume
limit and becomes negligible. Therefore, the twisted
partition function Zg0 in the large-volume limit behaves as

Zg0 ¼ jfgH∈G=Hjg−1g0g∈Hgj × e−
R
Td

Λddx; ð2:2Þ

where the prefactor jfgH∈G=Hjg−1g0g∈Hgj gives the
universal low-energy data that counts the number of
invariant vacua by the g0 action (i.e., the number of vacua
on the symmetry-twisted torus without domain walls),
while Λ describes the ground-state energy density (or the

cosmological constant), which is nonuniversal and depends
on the details of theUV regularization. To extract the universal
data of the symmetry breaking, we have to take suitable ratios
of these partition functions that become independent of Λ. In
Ref. [10], Gu and Wen proposed the following quantity,

Z1ðL1 × � � � × Ld−1 × LdÞ2
Z1ðL1 × � � � × Ld−1 × 2LdÞ

¼ jG=Hj; ð2:3Þ

which is often called theGu–Wen ratio and detects the number

of degenerate vacua for G⟶
SSB

H using untwisted partition
functions with different spacetime volumes.
Here, we instead consider the ratio of the partition

functions with the same spacetime volume but with differ-
ent symmetry twists,

Zg0ðL1 × � � � × LdÞ
Z1ðL1 × � � � × LdÞ

¼ jfgH∈G=Hjg−1g0g∈Hgj
jG=Hj : ð2:4Þ

Especially when H is a normal subgroup (i.e., g−1Hg ¼ H
for any g∈G), this expression simplifies to

Zg0

Z1

¼
�
1 g0 ∈H

0 g0 ∉ H:
ð2:5Þ

Thus, the ratio of the symmetry-twisted partition function
tells the details of the unbroken subgroupH itself, while the
Gu–Wen ratio computes its size, jHj. If the symmetry is not
spontaneously broken at all, we should have Zg0=Z1 ¼ 1

for any g0 ∈G, and thus the sudden drop of the twisted
partition function identifies the location of the symmetry-
breaking phase transition.
We now find that the ratio Zg0=Z1 for g0 ∉ H jumps from

1 to 0 across the phase transition from the symmetric to
symmetry-broken phases (Here, we assume that H is a
normal subgroup of G just for simplicity). If this phase
transition is second order, we can obtain the universal
curve for Zg0=Z1 using the finite-size scaling argument. For
simplicity, let us first consider the case of the d-dimensional
torus with the length Lð¼ L1 ¼ � � � ¼ LdÞ. We assume that
the critical point is described by a conformal field theory
(CFT) SCFT, and we consider its relevant deformation that
corresponds to the temperature perturbation,

S ¼ SCFT þ t
Z

ddxΦ; ð2:6Þ

where the scaling dimension of Φ is given by Δ. In this
case, the mass scale m induced by the perturbation behaves
asm ∼ t1=ðd−ΔÞ, so that the only dimensionless combination
involving the system size is tL1=ν with ν ¼ 1=ðd − ΔÞ.
Since Zg0=Z1 is a dimensionless quantity, its finite-size
scaling form must be given by a universal function of this
parameter:

1We note that the idea of using the symmetry-twisted partition
function itself is not a new one, and see, e.g., Refs. [30–33] for
Monte Carlo studies on computing the symmetry-twisted parti-
tion functions.
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Zg0ðL × � � � × LÞ
Z1ðL × � � � × LÞ ¼ fðtL1=νÞ: ð2:7Þ

For rectangle boxes, the universal form becomes

Zg0ðL1 × � � �×LdÞ
Z1ðL1 × � � �×LdÞ

¼ f̃ðtL1=ν
d ;L1=Ld;…;Ld−1=LdÞ: ð2:8Þ

At the critical point (i.e., t ¼ 0), the value of this ratio is
completely determined by the underlying CFT.

B. Spontaneous breaking of Uð1Þ symmetry

Next, let us discuss the behavior of the twisted partition
function in the SSB phase of Uð1Þ symmetry. We consider
the torus Td of size L1 × � � � × Ld with the flat background
Uð1Þ gauge field with the holonomies ð1;…; 1; eiαÞ. We
assume d ≥ 3 since the Mermin–Wagner–Coleman theo-
rem [36,37] forbids the spontaneous breaking of continu-
ous symmetry in two dimensions or lower.
To be specific, we consider a complex scalar field theory,

S½ϕ; A� ¼
Z

ddx
�
jð∂μþ iAμÞϕj2þm2jϕj2þ λ

4
jϕj4

�
: ð2:9Þ

This theory has a Uð1Þ symmetry of phase rotation, and its
background gauge field is taken as A ¼ α dxd

Ld
. We can

perform the aperiodic gauge transformation that eliminates
A from the Lagrangian, but it imposes the twisted boundary
condition,

ϕðx1;…; xd−1; xd þ LdÞ ¼ eiαϕðx1;…; xd−1; xdÞ: ð2:10Þ

Other directions are periodic without any twists. Let us
write the Uð1Þ-twisted partition function as Zα ≔ Z½A�
instead of Zeiα for better readability.
In the trivial phase (i.e. m2 > 0), the potential minimum

ϕðxÞ ¼ 0 is consistent with the twist and therefore the ratio
of the partition function behaves as

Zα

Z0

¼ 1; ð2:11Þ

when Ld is sufficiently large compared to the inverse
mass gap.
In the symmetry-broken phase (i.e., m2 ¼ − 1

4
λv2 < 0),

nonzero twist changes a vacuum state to another vacuum state.
By parametrizing the classical minima asϕðxÞ ¼ vffiffi

2
p eiθðxÞ, the

low-energy effective Lagrangian becomes

Seff ½θ; A� ¼
Z

ddx
v2

2
ð∂μθ þ AμÞ2 ð2:12Þ

at the leading order. If we eliminateAμ by the aperiodic gauge
transformation, the twisted boundary condition becomes

θðx1;…; xd−1; xd þ LdÞ ¼ θðx1;…; xd−1; xdÞ þ α mod 2π.
The twisted partition function with this effective Lagrangian
can be calculated as

ZαðL1 ×… × Ld−1 × LdÞ
Z0ðL1 ×… × Ld−1 × LdÞ

¼
P

w exp ½− v2L1���Ld−1
2Ld

ð2πw − αÞ2�P
w0 exp ½− v2L1���Ld−1

2Ld
ð2πw0Þ2�

: ð2:13Þ

In the large-volume limit, the contribution from w ¼ 0
dominates for −π < α < π, while the contribution from
w ¼ 1 dominates for π < α < 3π. At α ¼ π, contributions
from w ¼ 0, 1 become equal. In all the cases with nontrivial
twists α ∉ 2πZ, the ratio of the partition function approaches
zero in the large-volume limit, Li¼1;…;d → ∞ with fixed
Li=Lj, for d ≥ 3.
Therefore, as in the case of a discrete symmetry, the ratio

of the partition function also can be used to diagnose the
trivial phase and the SSB phase: It converges to 1 for the
symmetric phase and to 0 for the SSB phase in the large-
volume limit, so the criterion for the symmetry breaking is
crystal-clear.2 When the symmetry-breaking transition is of
the second order, the finite-size scaling of Zα=Z0 near the
critical point can also be discussed in a similar manner as in
the case of a discrete symmetry.
We shall make a brief comment on the 2D case. In this

case, the superfluid vortices behave as instantons, which
can potentially restore the classically broken Uð1Þ sym-
metry. To take their effects into account, it is convenient
to take the Abelian duality, v2∂μθ ⇔ i

2π εμν∂νθ̃, so that the
vortex insertion can be easily described by a local operator
eiθ̃. Then, the dilute gas approximation of vortices gives the
effective action for the dual compact boson as

Seff ½θ̃; A� ¼
Z

d2x

�
R2

4π
ð∂μθ̃Þ2 − μ cos θ̃

�
þ i
2π

Z
A ∧ dθ̃;

ð2:14Þ

where 2πv2R2 ¼ 1 and μ is the vortex fugacity. When the
cosine term is relevant, the system exhibits the trivially
gapped phase, and the ratio of the partition function

2This is an important difference between the symmetry-twisted
partition function and the Gu–Wen ratio for the cases of
continuous symmetries. In the Uð1Þ SSB phase, the first natural
guess would tell the Gu–Wen ratio should converge to 2π, which
comes from the integration over the classical moduli. For the case
of the discrete symmetry breaking, such an expectation based on
the classical analysis gives the correct answer because the system
is gapped. With the presence of massless Nambu–Goldstone
modes, however, the Gu–Wen ratio gets further corrections as
their fluctuation determinants in the numerator and denominator
of the Gu–Wen ratio do not cancel, and it requires some
computations to judge if the system is in the broken phase from
the value of the Gu–Wen ratio.
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behaves as (2.11). On the other hand, when the cosine term
is irrelevant, the system flows to the compact boson CFT,
where the value of Zα=Z remains finite in the large-volume
limit:3

ZαðL1 × L2Þ
Z0ðL1 × L2Þ

¼
P

w exp ½− L1

L2

1
4πR2

ren
ð2πw − αÞ2�P

w0 exp ½− L1

L2

1
4πR2

ren
ð2πw0Þ2� ; ð2:15Þ

where Rren is the renormalized value of the dual compact-
boson radius. We should note that this ratio survives in the
infinite-volume limit with fixed L1=L2, unlike the case of
d ≥ 3, which is consistent with the fact that the Uð1Þ
symmetry cannot be spontaneously broken due to the
Mermin–Wagner–Coleman theorem [36,37]. Instead of
Uð1Þ SSB, the low-temperature regime is described by
the compact boson CFTs that explain the algebraic long-
range order. The high-temperature gapped phase and the
low-temperature conformal phase are separated by the
Berezinskii–Kosterlitz–Thouless (BKT) transition [38,39],
which happens when the vortex term crosses the marginality
bound, R2

ren ¼ 1=4. As the BKT transition is not caused by
the relevant perturbation, unlike previous examples, the
finite-size scaling there gets complicated logarithmic cor-
rections (see, e.g., Ref. [40] and references therein for
details).

III. TRG APPROACH FOR THE SYMMETRY-
TWISTED PARTITION FUNCTION

In the previous section, we have seen that the symmetry-
twisted partition function plays the role of the order
parameter. In the Monte Carlo simulation, however, the
standard approach of using the local order parameter is often
more efficient than using the twisted partition functions. To
evaluate Zg0=Z1 in the Monte Carlo method, we should
compute the expectation value of the extended observable
expð−ðS½ϕ; A� − S½ϕ�ÞÞ,

Z½A�
Z½0� ¼

R
Dϕe−S½ϕ� expð−ðS½ϕ; A� − S½ϕ�ÞÞR

Dϕe−S½ϕ�

≈
1

Nsample

XNsample

s¼1

expð−ðS½ϕs; A� − S½ϕs�ÞÞ; ð3:1Þ

with the ensembles fϕsgs¼1;…;Nsample
generated by the

Boltzmann weight expð−S½ϕ�Þ. Since the location with
nontrivial A spreads over a codimension-1 surface that
wraps around the spacetime, one can easily imagine that this
quantity suffers from the severe overlap problem. One way

to evade this overlap problem is to apply the reweighting
method repeatedly so that the defect locations of the non-
trivial A field are gradually enlarged, and then one can obtain
Zg0=Z1 by multiplying those reweighting factors [33]. Since
the evaluation of the reweighting factor at each step would
have roughly the same amount of computational cost of
evaluating local operators, the direct measurement of the
local order parameters is practically more efficient than
computing the twisted partition functions in the Monte Carlo
method to detect SSB.4

With the TRG method, on the other hand, the compu-
tation of the twisted partition function turns out to be quite
straightforward, at least on the formulation level. Let us
begin with the evaluation of the usual partition function.
When we employ the TRG algorithms to compute
partition functions, we first need to express the partition
functions as tensor networks and their contraction. When
the original theory is translationally invariant on a lattice,
a uniform tensor network representation is obtained, i.e.,
the tensor Tx at each site x on the lattice Γ takes the
identical functional form. Let us formally write the tensor
contraction operation as

Z ¼ tTr

"Y
x∈Γ

Tx

#
: ð3:2Þ

The TRG algorithms then approximately carry out these
tensor contractions, which compress the information of the
tensor network

Q
x Tx efficiently and then take its tensor

trace, tTr.
When the theory possesses an on-site global symmetryG,

it is possible to construct a local tensor Tx such that Tx
encodes the constraint imposed by the original symmetry
[48,49]: The basic idea is to decompose the degrees of
freedom by the irreducible representations of G, and then
the bond degrees of freedom also enjoy the decomposition
in terms of the representations and their fusion rule is
described by the Clebsch–Gordan coefficients. This con-
straint can be interpreted as a discrete analog of the Noether
current conservation law [50]. In the case of lattice gauge
theories, it can be viewed as the Maxwell equations in the
tensor formulation [51]. A detailed discussion on the tensor
network formulation can be found in Refs. [52,53]. Then,
in the last step of the tensor trace to obtain the partition
function, we just need to multiply the character for each
representation for the twisted partition function, which is
denoted by tTrg0 :

3In (2.13), w∈Z denotes the winding number of θ along the
twisted (or dth) direction, but in (2.15), it appears as the dual
variable via the Poisson resummation for the winding number of
the dual boson θ̃ along the periodic (i.e., untwisted) direction.

4We should note, however, that local order parameters do not
fully capture quantum gapped phases. To detect other quantum
phases, such as symmetry-protected topological (SPT) states,
local operators do not have characteristic behaviors and the
evaluation of the disorder operator (i.e., Z½A� with nonflat A) and/
or the twisted partition functions (i.e., Z½A� with flat A) become
essential [41–47].
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Zg0 ¼ tTrg0

"Y
x∈Γ

Tx

#
: ð3:3Þ

The intermediate steps of the TRG method, which com-
press the tensor

Q
x Tx, do not need to be changed at all as

long as our contraction algorithm keeps track of the
information of the on-site global symmetry.
In numerical computations of this paper, we focus on the

examples with Abelian global symmetries. In those cases,
the fusion channel of representations is always unique,
which simplifies the algorithm in practice: We then imple-
ment the TRG with symmetry blocking [54], where the
conservation law is explicitly enforced. This symmetry
blocking allows us to impose twisted boundary conditions
with a finite twist angle in a sector-by-sector manner. We
sketch the procedure to compute this in Algorithm 1.
We note that the computational cost is the same as the

given TRG algorithm.

IV. NUMERICAL RESULTS

In this section, we show the numerical results of the
symmetry-twisted partition functions across the symmetry-
breaking phase transitions for several classical statistical
models. For the 2D models, we use the bond-weighted
tensor renormalization group (BTRG) algorithm [55] while
for the 3D classical spin model, we use the anisotropic
tensor renormalization group (ATRG) algorithm [56].
First, to demonstrate that twisted partition functions

work correctly as order parameters, we apply our approach
to the 2D classical Ising model as a benchmark, and our
method and the conventional Gu–Wen ratio equally work
well in this model. We next consider the 3D classical Oð2Þ
model as a nontrivial example, where the Gu–Wen ratio
cannot be used to locate the critical point. We shall see that
the symmetry-twisted partition function gives a clear signal
of the phase transition.
Lastly, we consider the 2D classical Oð2Þ model, where

the BKT transition happens. Using the twisted partition
function, we extract the helicity modulus (superfluid stiff-
ness) using the BTRG algorithm. The helicity modulus,

introduced by Fisher, Barber, and Jasnow, effectively
measures the response of a system to a twist [57], and
thus our computation closely follows the original definition
of the helicity modulus.

A. 2D Ising model

Let us consider the classical Ising model,

S½σx� ¼ −β
X
hxyi

σxσy; ð4:1Þ

where σx ∈ f�1g denotes the Z2 spin and T ¼ 1=β is the
temperature. There exists on-site Z2 symmetry i.e.,
σx ↦ −σx, and we discuss its spontaneous breaking: At
low temperatures T < Tc, the twisted partition function
should go to 0, Z−1ðL × LÞ=Z1ðL × LÞ → 0, as L → ∞,
while at high temperatures T > Tc, Z−1ðL × LÞ =
Z1ðL × LÞ → 1. This model is exactly solvable, and the
location of the symmetry-breaking phase transition is at
Tc ¼ 2=ðlogð1þ ffiffiffi

2
p ÞÞ for a square lattice.

The partition function of the Ising model can be
expressed as Eq. (3.2) with the initial bond dimension 2, as

ðTxÞm1m2;m0
1
m0

2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Im1

ðβÞIm2
ðβÞIm0

1
ðβÞIm0

2
ðβÞ

q
δm1þm2;m0

1
þm0

2
;

ð4:2Þ

where I0ðβÞ ¼ cosh β and I1ðβÞ ¼ sinh β, and we compute
its tensor contraction using the BTRG with the bond
dimension cutoff DBTRG ¼ 64. Figure 1 shows the ratio
of the twisted partition functions Z−1ðL × LÞ=Z1ðL × LÞ as
a function of temperature for various volumes. As the
system size L increases, the behavior of Z−1=Z1 exhibits a
pronounced distinction across the critical point Tc: it
approaches unity in the symmetric phase, while tending
toward zero in the symmetry-broken phase, as expected.
We see that Fig. 1 also indicates that the curves of Z−1=Z1

with different volumes cross at a single point, implying the
emergence of scale invariance, since the value of Z−1=Z1 at
Tc is independent of the system size. Thus, the ratio of the
twisted partition functions serves the role of the Binder

Algorithm 1. Computation of Z−1=Z1 (corresponding to π-twist) for the 2D classical Ising model.

1: Construct the rank-4 local tensor Tijkl. The construction ensures the Z2 symmetry: only elements with ðiþ jþ kþ lÞ mod 2 ¼ 0 are
nonzero. Create a matrixMðnÞ where the Z2-even is the upper left block and Z2-odd is the lower right block and n denotes the coarse-
graining step. Reshape the matrix back to the rank-4 tensor.

2: Perform the singular value decomposition on each block separately and carry out a coarse-graining step with a given TRG algorithm.
Reshape the tensor back to a matrix.

3: Compute the normal trace of the entire matrix,MðnÞ which gives Z1 ¼ TrMðnÞ
even þ TrMðnÞ

odd. Z−1 is computed by taking the normal trace

for theZ2-even block and that for theZ2-odd block, with adding a factor of −1 i.e., Z−1 ¼ TrMðnÞ
even − TrMðnÞ

odd. Then compute the ratio
Z−1=Z1.

4: Repeat steps 1–3 to obtain Z−1=Z1 on a lattice of size L × L, where L ¼ 2n.
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cumulant [58] to determine Tc with the TRG calculations.
Moreover, its value at Tc matches with the prediction of the
2D Ising CFT [59] (see Appendix A):

Z−1ðL1 × L2Þ
Z1ðL1 × L2Þ

����
T¼Tc

¼ jθ3ð0; τÞj þ jθ4ð0; τÞj − jθ2ð0; τÞj
jθ3ð0; τÞj þ jθ4ð0; τÞj þ jθ2ð0; τÞj

;

ð4:3Þ
where θ2, θ3, and θ4 denote Jacobi’s theta functions, and
τ ¼ iL2=L1 when we consider the model on the L1 × L2

square lattice. In Fig. 1, we set τ ¼ i as L1 ¼ L2 ¼ L for
the horizontal red dashed line. The scale-invariant point in
the numerical results shows the nice consistency with the
theoretical value of Z−1=Z1 in Eq. (4.3), which validates the
efficacy of our approach.
Figure 2 compares Z−1=Z1 in the vicinity of the critical

point by setting T ¼ Tc � ΔT with ΔT ¼ 1.0 × 10−6.
Even with such tiny deviations from the criticality, the
twisted partition function successfully identifies whether
the system is in the symmetric or symmetry-broken phase:
as the system size increases, Z−1=Z1 converges to unity or
zero, depending on whether the temperature lies in the
symmetric or symmetry-broken phase, respectively. This
indicates that the ratio of the Z2-twisted partition function
to the normal partition function allows one to bound the
critical point in a manner analogous to the Gu–Wen ratio.
We also confirm the finite-size scaling of Z−1=Z1 in the

vicinity of the critical point. The 2D Ising CFT has three
primary operators, the identity operator 1, the spin operator
σ, and the energy operator ε. The temperature t ¼
ðT − TcÞ=Tc is the Z2-symmetric perturbation from the
2D Ising critical point, so it should correspond to the
perturbation by the energy operator ε that has the scaling
dimension Δ ¼ 1. Therefore, we can expect the universal

curve as a function of tL1=ν ¼ tL since ν ¼ 1=ðd − ΔÞ ¼ 1.
Figure 3 displays Z−1=Z1 as a function of tL, where the
exact Tc is employed for the definition of t. Data for
different system sizes collapse onto a single curve when
plotted against tL. This demonstrates that Z−1=Z1 allows
one to precisely determine both the critical point and the
critical exponent, yielding ν ¼ 1, while we here just
substitute the known exact values for both Tc and ν.
Let us point out that the finite-size scaling analysis for

the Gu–Wen ratio has been performed in Refs. [23], and
thus we would conclude that the ratio of the twisted
partition functions and the Gu–Wen ratio equally work
well for studying the critical phenomena associated with
the discrete symmetry breaking.
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FIG. 1. Z−1=Z1 in the 2D Ising model. The vertical dashed line
indicates the exact critical point Tc ¼ 2=ðlogð1þ ffiffiffi

2
p ÞÞ. The

horizontal dashed line denotes the exact value of Z−1=Z1 for the
2D Ising CFT, which is given by Eq. (4.3). The computation is
done by the BTRG with the bond dimension DBTRG ¼ 64.
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FIG. 3. Finite-size scaling analysis for Z−1=Z1 as a function
of tL in the 2D Ising model. The results of different volumes
follow the universal curve as a function of tL with
t ¼ ðT − TcÞ=Tc. The computation is done by the BTRG with
the bond dimension DBTRG ¼ 64.
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B. 3D Oð2Þ model

Next, let us consider an example for the critical phe-
nomenon associated with theUð1Þ symmetry breaking, and
we study the 3D classical Oð2Þ model. The classical Oð2Þ
model in d dimensions is defined by

S ¼ −β
X
x

Xd
μ¼1

cosðθxþμ̂ − θxÞ; ð4:4Þ

where θn ∈ ð−π; π� is theUð1Þ variable. The model can also
be straightforwardly expressed in the form of Eq. (3.2),
expanding eβ cosΘ in terms of the modified Bessel function
of the first kind, eβ cosΘ ¼ P∞

m¼−∞ ImðβÞeimΘ, with setting
the tensor components as

ðTxÞm1…md;m0
1
…m0

d

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Im1

ðβÞ � � � Imd
ðβÞIm0

1
ðβÞ � � � Im0

d
ðβÞ

q
δm1þ���þmd;m0

1
þ���þm0

d

ð4:5Þ

at each lattice site n. The finite bond dimensional descrip-
tion of Eq. (4.5) is obtained by truncating the character
expansion, eβ cosΘ ≃

P
K
m¼−K ImðβÞeimΘ, which results in

the tensor network representation of the partition function
with bond dimension 2K þ 1 [48]. In the range of β
considered in this study, taking K ≥ 40 already yields
IKðβÞ=I0ðβÞ≲ 10−23, and the finite-K effect is negligible.
We note that the finite bond-dimension cutoff necessarily
suffers from the mild violation of the Uð1Þ symmetry, as it
gives the upper and lower bounds for the Uð1Þ charge
sectors, which violates the Uð1Þ conservation law: While
the finite truncation preserves the global Uð1Þ invariance
of the partition function, it violates the Ward-Takahashi

identity when including the local operators. When we
consider the twisted partition function, we take the twist
angles quantized in 2π=N for some integer N, and thus we
require that the truncations and the tensor decompositions
are consistent with the charge conservation in mod N by
introducing the N block structure.
Let us consider the 3DOð2Þmodel in this subsection. For

the twisted partition functions, we take the Z2 subgroup of
the Uð1Þ symmetry, and the twist angle is set as α ¼ π. For
the 3DOð2Þ model, the continuous symmetry is expected to
be spontaneously broken completely as Uð1Þ → f1g at low
temperatures, and the second-order phase transition takes
place at some critical temperature Tc. In the low temperature
limit, β ¼ 1=T ≫ 1, we can take the quadratic approxima-
tion of the lattice action (4.4) to obtain the continuum
effective Lagrangian (2.12) of the Uð1Þ SSB phase with
v2 ¼ β=ad−2 ¼ β=a with v as defined in (2.12), where a is
the lattice spacing. This suggests the Z2 twist does a
sufficient job as the order parameter. The 3D Oð2Þ univer-
sality class has been extensively investigated in Monte Carlo
simulations (see, for example, Refs. [32,60,61]). For the
conformal bootstrap analysis about the 3D Oð2Þ criticality,
see Refs. [62,63]. The application of the TRG approach to
theOð2Þ model at finite density has also been reported [64].
Figure 4 presents the ratio of the twisted partition

functions Zα¼π=Zα¼0 for various system sizes with
L × L × L.5 Here, we have focused on relatively smaller
system sizes because the large volume results could be
affected by artifacts from the finite bond dimension trunca-
tion [65], and Appendix B is devoted to discussing the finite
bond-dimension effects, particularly in the thermodynamic
limit. The behavior of Zπ=Z0 in Fig. 4 is qualitatively similar
to that in Fig. 1;

Zα¼πðL × L × LÞ
Zα¼0ðL × L × LÞ ⟶

L→∞
�
1 ðin the symmetric phase T > TcÞ;
0 ðin the broken phase T < TcÞ:

ð4:6Þ

We can also see an emergent scale-invariant point at the
phase transition T ¼ Tc, which suggests that the phase
transition is of the second order. The vertical red dotted line

of Fig. 4 at TðMCÞ
c ¼ 2.2018441ð5Þ is the critical temper-

ature determined by the Monte Carlo simulation in
Ref. [61], which is consistent with our numerical result
with the ATRG. In addition, the brown band in Fig. 4
denotes the resulting Zα¼π=Zα¼0 at the critical point from
another Monte Carlo simulation with L ¼ 24 [66], which
again looks consistent with our result.
To determine Tc, we first provide the upper and lower

bounds for Tc as 2.2012 < Tc < 2.2050, which we set by
observing the L-dependence of Zπ=Z0 in Fig. 4 to judge
whether the system spontaneously breaks Uð1Þ symmetry
at a given temperature or not. For further precise

determination of Tc, we employ the finite-size scaling of
Zπ=Z0 as we did in the 2D Ising model. Introducing the
reduced temperature, t ¼ ðT − TcÞ=Tc, the results of differ-
ent volumes should obey a universal curve in terms of tL1=ν

for some ν. By changing candidate values of the critical
temperature within the range 2.2012 < Tc < 2.2050 in
increments ΔT ¼ 0.0001, we determine the optimal value
of ν for each temperature by minimizing the deviation from
a universal scaling function, without assuming any specific
functional form, following the method of Ref. [67]. Since

5For the Uð1Þ-twisted partition function, we write it as Zα
instead of Zeiα for better readability. Thus, Zα¼π=Zα¼0 in theOð2Þ
model is exactly the same with Z−1=Z1 in the notation used for
the Ising model.
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the TRG results do not contain statistical errors, the cost
function introduced in Ref. [67] can be interpreted as a
direct measure of the deviation from the universal scaling
curve. This deviation should vanish at the exact critical
temperature and critical exponent for the data of suffi-
ciently large volumes if the data points are fine enough after
rescaling. We find that the deviation takes its smallest
value, approximately 6.7 × 10−3, when the assumed critical
temperature lies in the range 2.2015 ≤ Tc ≤ 2.2019. We
therefore estimate the critical temperature as

Tc ¼ 2.2017ð2Þ: ð4:7Þ

The scaling collapse is shown in Fig. 5, and our result for ν
is given by

ν ¼ 0.663ð33Þ; ð4:8Þ

where the central value is determined by minimizing the
cost function at Tc ¼ 2.2017, and the error bar is provided
by allowing the 10% deviation from the minimum of the
cost function. We note that the variation of ν obtained for
changing the critical temperature as 2.2015 ≤ Tc ≤ 2.2019
is found to be much smaller than this 10% uncertainty, and
we neglect it in our analysis. Our computation of the critical
exponent ν using the ratio of symmetry twisted and the
standard partition function is the first precise estimate of
the critical exponent for the 3D Oð2Þ model using the
TRG approach. As reference values, the Monte Carlo and
conformal bootstrap results for ν are νðMCÞ ¼ 0.67183ð18Þ
[61] and νðCBÞ ¼ 0.67175ð10Þ [63], respectively, and our
TRG computation gives a consistent result, while the error

is much larger than those of these techniques. We leave a
more precise estimate for this exponent using the improved
coarse-graining TRG algorithm [68] or GPU-assisted
tensor contractions [69] for future work.

C. 2D Oð2Þ model

Let us move on to the 2D classical Oð2Þ model, (4.4). In
contrast to dimensions three and higher, the Mermin–
Wagner–Coleman theorem [36,37] prohibits the presence
of the massless Nambu–Goldstone particle with the linear
dispersion in two dimensions. Thus, the Uð1Þ symmetry
does not get broken even at low temperatures, while the
system is in the superfluid phase, showing the algebraic long-
range order. The effective Lagrangian of this superfluid phase
is given by (2.12) when the vortex excitations are irrelevant.
First, we compute ZαðL × LÞ=Z0ðL × LÞ at twist angles,

α ¼ π and π=2, for the 2D Oð2Þ model, and the results are
shown in Fig. 6. At high temperatures, we can observe the
convergence Zα=Z0 → 1 as L → ∞, which suggests the
unbroken Uð1Þ symmetry with the nonzero mass gap. At
low temperatures, however, Zα=Z0 does not converge to a
definite value of unity or zero in the large-volume limit,
which is in sharp contrast to the previous two models.
Instead, they show scale-invariant behaviors at low temper-
atures, and thus the theory flows to conformal field theories
with the exactly marginal parameter characterized by the
temperature T. This observation is consistent with the BKT
critical behavior.
To observe the BKT criticality in more detail, we

evaluate the helicity modulusϒα using the twisted partition
function Zα=Z0 at finite twist angles

ϒαðL1 × L2Þ ¼ −T
2

α2
L2

L1

log
ZαðL1 × L2Þ
Z0ðL1 × L2Þ

; ð4:9Þ
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FIG. 4. Zα¼π=Z0 in the 3D Oð2Þ model. The vertical dashed

line indicates the critical point TðMCÞ
c ¼ 2.2018441ð5Þ obtained

by the Monte Carlo simulation in Ref. [61]. The brown band
denotes the value of Zα¼π=Zα¼0 at the critical point from the
Monte Carlo simulation with L ¼ 24 [66]. The twisted partition
function gives a clear signal for the Uð1Þ symmetry breaking.
The computation is done by the ATRG with the bond
dimension DATRG ¼ 96.
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dimension DATRG ¼ 96.
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where the twist is imposed along the L2-direction, and the
L1-direction is periodic. In the limit α → 0, the definition
matches with the helicity modulus computed from the local
correlation function. At high temperatures (T > TBKT),
ϒα → 0 in the large-volume limit. On the superfluid regime
(T < TBKT), ϒα remains to be finite, and the theoretical
computation (2.15) suggests

ϒαðL1 × L2Þ ¼
T

2πR2
ren

þO
�
e−#

L1
L2

�
ð4:10Þ

for 0 < α < π, where Rren is the renormalized radius of the
dual compact boson.6 However, the behavior at α ¼ π has
an extra contribution as there are two equal-length paths
connecting antipodal points,

ϒπðL1 × L2Þ ¼
T

2πR2
ren

−
2T
π2

L2

L1

ln 2þO
�
e−#

L1
L2

�
: ð4:11Þ

In other words, one of the higher-winding contributions in
Oðe−#L1=L2Þ becomes comparable with the leading contri-
bution as α → π.
Equation (4.10) shows that the helicity modulus ϒα

dictates the renormalized compact boson radius directly for
0 < α ≪ π when we can neglect the higher-winding con-
tributions of Oðe−#L1=L2Þ. This approximation becomes
valid when L1=L2 ≫ 1.7 This relationship becomes impor-
tant when we apply the Nelson–Kosterlitz criterion [70] to
obtain the BKT transition temperature TBKT, because it
compares the helicity modulusϒα with 2T=π to identify the
marginality crossing point R2

ren ¼ 1=4. We note that this
aspect-ratio dependence exists also for the helicity modulus
defined by the local correlation function (or ϒα with
the α → 0 limit), and see Refs. [71,72], which study the

0.0 0.5 1.0 1.5 2.0
Temperature T

0.0

0.2

0.4

0.6

0.8

1.0

Z
�
�Z

0
 (

L = 2
2

L = 2
3

L = 2
4

L = 2
5

L = 2
6

L = 2
7

L = 2
8

L = 2
9

L = 2
10

0.0 0.5 1.0 1.5 2.0
Temperature T

0.0

0.2

0.4

0.6

0.8

1.0

Z
�
�Z

0
 (

�
��
��
�

�
��
��
�

�

L = 2
2

L = 2
3

L = 2
4

L = 2
5

L = 2
6

L = 2
7

L = 2
8

L = 2
9

L = 2
10

FIG. 6. ZαðL × LÞ=Z0ðL × LÞ for the 2D Oð2Þ model with (a) α ¼ π, and (b) α ¼ π=2. The result indicates that the system is in the
Uð1Þ-symmetric gapped phase at high temperatures, and it becomes a scale-invariant theory at low-temperatures with an exactly
marginal deformation parametrized by T. The computation is done by the BTRG with the bond dimension DBTRG ¼ 200.
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FIG. 7. Helicity modulus ϒα at several twist angles α in the
2D Oð2Þ model on an L × L lattice with L ¼ 32. The results at
low temperatures fit with the theoretical expectation based on
the compact-boson CFT: The α-dependence is quite tiny for
0 < α ≪ π, and ϒα¼π is significantly smaller than the others.
The computation is done by the BTRG with the bond
dimension DBTRG ¼ 200.

6As the quadratic approximation of the Lagrangian gives
ð2πR2Þ−1 ¼ β for the dual-compact-boson radius in d ¼ 2, one
can expect T=ð2πR2

renÞ → 1 in the zero-temperature limit (T ¼ 0),
where the fluctuation effects are suppressed.

7Ideally, it would be desired to take the limit L1=L2 → ∞ for
completely eliminating higher-winding contributions. However,
we should note that we compute ϒα out of Zα=Z0, and this
partition-function ratio itself becomes exponentially small as
L1=L2 → ∞ according to (2.15). Thus, we should vary the ratio
L1=L2 within the regime where Zα=Z0 is computable with good
accuracy. Moreover, as the higher-winding contributions are
exponentially suppressed, we do not need to take extremely
large L1=L2 in practice.
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aspect-ratio dependence of the helicity modulus. Although
these higher-winding contributions turn out to be negligibly
small within the numerical accuracy of this paper,8 we
perform the computation not only at the L × L lattice but
also at the 2L × L lattice to suppress them.
Figure 7 shows the helicity modulus ϒαðL × LÞ evalu-

ated at several twist angles, α ¼ π; π=2; π=4; π=6, for fixed
L ¼ 32. We observe that the twist-angle dependence is quite
tiny for ϒα¼π=2;π=4;π=6, which is consistent with the theo-
retical formula (4.10) as its α-dependence appears only in the
subleading higher-winding contributions Oðe−#L1=L2Þ.
Furthermore, ϒα¼π is significantly lower than the others
on the low-temperature regions, which also matches with
the theoretical expectation (4.11). These helicity moduli at

finite α, obtained directly from the twisted partition func-
tions, are found to be consistent with the recent Monte Carlo
simulation results in Ref. [73].
Figure 8 shows the helicity modulus ϒα¼π=6 for the

L × L and 2L × L lattices with various volumes. On the
high-temperature sides near TBKT, we observe the so-called
“universal jump” of the helicity modulus as originally
predicted in Ref. [70]. We find that the numerical results of
the 2L × L lattice are more stable than the ones of the
L × L lattice: Since the low-temperature superfluid phase
flows to a CFT fixed point, ϒα is expected to become
L-independent for sufficiently large L, which is achieved
well for the 2L × L lattice but not satisfactorily for the
L × L lattice. This phenomenon may be attributed to the
observation that the effective bond dimension of the 2L × L
lattice becomes much larger than that of the L × L lattice
[74]. Therefore, we mainly use the results of the 2L × L
lattice for the determination of TBKT.
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FIG. 8. Helicity modulus at α ¼ π=6 for varying system sizes at fixed aspect ratios: (a) L1=L2 ¼ 1, (b) L1=L2 ¼ 2. The solid line
denotes the Nelson–Kosterlitz formula, ϒα ¼ 2T=π [70]. It turns out that the results for the 2L × L lattice is numerically more stable
than the ones for the L × L lattice. The computation is done by the BTRG with the bond dimension DBTRG ¼ 200.
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FIG. 9. T�ðLÞ as a function of 1=ðln bLÞ2 for varying system sizes with the 2L × L lattices: (a) α ¼ π, (b) α ¼ π=6. For α ¼ π, we
determined T�ðLÞ by using the modified Nelson–Kosterlitz criterion based on (4.11). The results of different volumes follow the
universal curve as a function of 1=ðln bLÞ2, and we extract the BKT transition temperature by extrapolating L → ∞.

8For the L × L lattice, its contribution is already Oð10−4Þ, and
it becomes Oð10−9Þ for the 2L × L lattice.

TENSOR RENORMALIZATION GROUP APPROACH TO CRITICAL … PHYS. REV. D 113, 074502 (2026)

074502-11



To determine TBKT, we first determine the temperature
T�ðLÞ, at which the helicity modulus ϒαð2L × LÞ crosses
with the Nelson–Kosterlitz formula, and we take its
extrapolation as L → ∞ assuming the following scaling
relation,

T�ðLÞ ¼ TBKT þ
a

ðln bLÞ2 ; ð4:12Þ

where a and b are nonuniversal fitting parameters. This is
one of the standard procedures to determine the BKT
transition temperature (see, e.g., Refs. [72,73,75]) and we
follow this conventional method, but we note that Ref. [76]
takes into account the subleading logarithmic correction for
the helicity modulus in the determination of T�ðLÞ, which
results in the higher BKT transition temperature. Let us
leave it for a future study to investigate if such a higher-
order logarithmic correction for the Nelson–Kosterlitz
criterion is actually present using the TRG method.
Figure 9 shows T�ðLÞ against 1=ðln bLÞ2 at α ¼ π and

α ¼ π=6 evaluated on the 2L × L lattices. When α ¼ π,
T�ðLÞ is determined based on Eq. (4.11), not on the
standard Nelson–Kosterlitz formula (4.10), while the stan-
dard one is used for α ¼ π=6. In both cases, we simply
neglect the correction from the higher-winding contribu-
tions as they are sufficiently small for the 2L × L lattice
with the current precision. The result is

TBKT ¼
�
0.8928ð2Þ ðfrom the α ¼ π TRGÞ;
0.8927ð5Þ ðfrom the α ¼ π=6TRGÞ: ð4:13Þ

Both results are consistent not only with each other but also
with previous literature [77–80].

V. CONCLUSIONS AND DISCUSSIONS

The symmetry-twisted partition function provides an
order parameter to detect phase transitions in spin models
with either discrete or continuous global symmetries, and
we have demonstrated that the TRG method is an excellent
framework for its computation. At the second-order phase
transition point, finite-size scaling theory works in the same
way as the case of the Binder cumulant, but computing
the symmetry-twisted partition function is much easier for
the TRG method because the local correlation functions
are totally unnecessary. For its explicit demonstration, we
analyze the 2D classical Ising model and the 3D classical
Oð2Þ model, and their critical temperature Tc and the
scaling exponent ν are successfully obtained. In the case of
the 3D Oð2Þ model, this gives the first accurate TRG
computation of ν to our knowledge. We also study the 2D
Oð2Þ model and observe the BKT critical behavior at low
temperatures, and we determine the BKT transition temper-
ature using the Nelson–Kosterlitz criterion for the helicity
modulus. It is an important future study if the TRG
computation of the symmetry-twisted partition function

becomes competitive with other conventional frameworks,
such as the Monte Carlo method, for these quantities.
One of the potentially interesting applications is to

consider the generalized Oð2Þ model, which extends the
lattice action (4.4) of the usual Oð2Þ model as [81,82]

S ¼ −
X
x;μ

fβ1 cosðθxþμ̂ − θxÞ þ βq cosðqðθxþμ̂ − θxÞÞg:

ð5:1Þ
For the TRG study of this model with d ¼ 2, see Ref. [83].
For d ≥ 3, if the phase transition is dominated by the β1

term, the SSB pattern is given by Uð1Þ⟶SSB f1g, while if it
is caused by the βq term, we expect Uð1Þ⟶SSBZq. The
symmetry-twisted partition function can clearly discrimi-
nate these SSB patterns by changing the twist angles: When
α∈ 2π

q Z, the twisted partition function is only sensitive for

Uð1Þ⟶SSB f1g, while it becomes sensitive for both SSB
patterns when α ∉ 2π

q Z. Combining these different twists
can help uncover the complete SSB pattern of this model in
the β1−βq phase diagram.
It would also be interesting to apply the idea of twisted

boundary conditions to the study of gauge theories using
TRG. As a nontrivial example of such a direction, we can
study a model of quantum gauge theories that becomes a
topologically ordered phase in the infrared and supports
nontrivial anyons for its low-energy excitations. Even when
the UV theory only has a 0-form global symmetry, those
anyons often carry the projective representations, a phe-
nomenon which is called the symmetry fractionalization
[84–87]: The background gauge field for the emergent
higher-form symmetry is activated via the background
gauge field for the 0-form symmetry. When this happens,
the twisted partition function enjoys a characteristic behav-
ior that is different from those of SSB phases, and thus the
symmetry-twisted partition function becomes an order
parameter for the topologically ordered phase with the
nontrivial symmetry fractionalization [27].
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APPENDIX A: TWISTED PARTITION
FUNCTIONS OF 2D CFT

We briefly review the discussion of the twisted partition
function in 2D CFT [90]. The torus partition function of
2D CFT with the modular parameter τ is given by

ZðτÞ ¼ TrHðqL0−c=24q̄L̄0−c=24Þ; ðA1Þ

where q ¼ e2πiτ and c is the central charge. Since the
Hilbert space H can be decomposed into the direct sum of
left- and right-moving Virasoro representations, the torus
partition function can be expressed as

ZðτÞ ¼
X
h;h̄

Mh;h̄χhðτÞχ̄h̄ðτ̄Þ; ðA2Þ

where Mh;h̄ denotes the multiplicity of the representation
with highest weight ðh; h̄Þ in H and

χhðτÞ ¼ TrVh
ðqL0−c=24Þ ðA3Þ

is the Virasoro character.

The twisted torus partition function is defined as

ZUðτÞ ¼ TrHðUqL0−c=24q̄L̄0−c=24Þ; ðA4Þ

where U is a symmetry transformation operator, which does
not have to be invertible [91]. Since U commutes with the
Virasoro generators, the twisted partition function ZUðτÞ can
be computed solely from the action of U on the primary
states. Below, we discuss two well-known examples.
The first example is a diagonal rational CFT (RCFT). In

a diagonal RCFT, there are symmetry operators, which
have one-to-one correspondence with primary operators.
These symmetry operators are so-called Verlinde lines, and
their actions on primary states were studied in Ref. [92]. We
denote a primary state and the corresponding Verlinde line
by jϕii and Li, respectively. Then, the action of Li on jϕji
is given by

Lijϕji ¼
Sij
S0j

jϕji; ðA5Þ

where Sij is the modular S-matrix. Then, the torus partition
function with an insertion of Li is given by

ZU¼Li
ðτÞ ¼

X
j

Sij
S0j

jχjðτÞj2: ðA6Þ

For instance, the Ising CFT has three primaries 1; ε; σ
with conformal weights ð0; 0Þ; ð1

2
; 1
2
Þ; ð 1

16
; 1
16
Þ, respectively.

The Verlinde line corresponding to ε is the Z2 symmetry
line η of the spin flip in the Ising model. Since 1; ε is even,
while σ is odd under this Z2 line, the twisted partition
function is given by

ZηðτÞ ¼ jχ0j2 þ jχ1
2
j2 − jχ 1

16
j2: ðA7Þ

Taking the ratio of the twisted and untwisted partition
function, we obtain

ZηðτÞ
ZðτÞ ¼

jχ0j2 þ jχ1
2
j2 − jχ 1

16
j2

jχ0j2 þ jχ1
2
j2 þ jχ 1

16
j2

¼ jθ3ðτÞj þ jθ4ðτÞj − jθ2ðτÞj
jθ3ðτÞj þ jθ4ðτÞj þ jθ2ðτÞj

; ðA8Þ

where θiðτÞ denote the Jacobi theta functions. In the
notation of Sec. IVA, ZηðτÞ ¼ Z−1ðL1 × L2Þ and ZðτÞ ¼
Z1ðL1 × L2Þ (up to the gravitational local counter term)
with τ ¼ iL2=L1 when T ¼ Tc.
The second example is the compact boson CFTwith the

radius R. A primary operator of the compact boson CFT is
labeled by a momentum charge n and a winding charge w,
and it has conformal weight
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h ¼ 1

4

	
n
R
þ wR



2

; h̄ ¼ 1

4

	
n
R
− wR



2

: ðA9Þ

Therefore, the untwisted torus partition function is
obtained by

ZðτÞ ¼ 1

jηðτÞj2
X

n;w∈Z

q
1
4
ðnRþwRÞ2 q̄1

4
ðnR−wRÞ2 : ðA10Þ

The compact boson CFT has Uð1Þ momentum symmetry,
which we denote a symmetry operator by Uα. Since a
primary operator labeled by ðn; wÞ has charge n under this
symmetry, the twisted partition function is obtained by

ZαðτÞ ¼
1

jηðτÞj2
X

n;w∈Z

eiαnq
1
4
ðnRþwRÞ2 q̄1

4
ðnR−wRÞ2 : ðA11Þ

From this expression with τ ¼ iL2=L1, one can easily
check (2.15) by using the Poisson resummation.

APPENDIX B: FINITE-D EFFECT IN THE 3D
Oð2Þ MODEL IN THE THERMODYNAMIC LIMIT

In this Appendix, we briefly discuss the finite bond-
dimension effect of the 3D Oð2Þ model when we take the
thermodynamic limit. Here, we employ the ATRG algorithm.
Since Zα¼π=Z0 becomes a step function in the thermo-

dynamic limit, as shown in Eq. (2.5), the critical temperature
can be identified as the point at which Zα¼π=Z0 jumps from
0 to 1. Figure 10 shows the resulting estimates of the critical
temperature obtained for several bond dimensions D ≤ 90.
These transition temperatures TcðDÞ are all above 2.2050,
which are significantly larger than the critical temperature
Tc ¼ 2.2017ð2Þ obtained in the main text. This clearly
shows that the bond-dimension cutoff has a huge effect in the
large-volume limit for the 3D Oð2Þ model.
In the main text, we have circumvented this problem by

restricting our considerations for relatively small volumes,

L ¼ 2, 4, 8, 16, which has another advantage that enables
us to extract the critical exponent ν via finite size scaling.
However, let us check if we can obtain consistent results for
Tc directly in the thermodynamic limit by taking the large-
D extrapolation. Assuming the D-dependence of the form
TcðDÞ ¼ Tc þ a=D, we obtain Tc ¼ 2.20011ð2Þ and
a ¼ 0.537ð1Þ. We also fit TcðDÞ using a more general
ansatz TcðDÞ ¼ Tc þ a=Dp, in order to estimate the
uncertainty associated with the fitting ansatz. This fit yields
Tc ¼ 2.2014ð2Þ, a ¼ 0.82ð7Þ, and p ¼ 1.14ð3Þ. Since the
functional form of the finite-D correction is not known
a priori, we take the result of the latter fit as the central
value and estimate the systematic uncertainty from the
difference between the two extrapolations. This procedure
yields Tc ¼ 2.2014ð2Þð13Þ, which is consistent with our
estimate Tc ¼ 2.2017ð2Þ obtained from the finite-size
scaling analysis in Sec. IV B.
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