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Largely
The theory of strong interactions

i.e
,
QCD has a gauge

group
Su (3) , where SU stands for special unitary i.e,

matrices which are unitary with determinant quel b-

one
.

'

t Hooft (197-4) proposed
that in some cases

, if

we take SVCN) rather then so(3), it
becomes

easier .

③



At first, it seems surprising that considering SUCN)

with large N is any
better than SVG) but this

is not true .

Umelly the SULN) Yang-Mills action is given by :

S = ¥§d"× Tr # Env )

for large N limit
,
we corridor ✗ = g2N ( 't Hooft

coupling )

S = fd "× Tr Env )

④



Large N has some nice properties :

* Factorization : LAB> = {AKB> + OCYN) !

+ Volume reduction : Eguchi - Kawai reduction ! ☐
@enter symmetry intact ) ! !

gauge /gravity
* Role in holography : Ads/ OFT conjecture !

aka

→duality

* Master field : Gange field configurations dominated

by single configuration
!

,↳ No progress
in 'd >2 yet ! !

Nuts eil Un
→

de {a ¥ .
. . . 2¥"} % ⑤



Diagrams

one often uses the double line notation for

example : FI D.LI

gluon Mmmmm
← ⇒ $

11B.
3-ghaexogorzz.IE#
L

72 ✓④ E=6
,
V=F=4

☒ § ☒ 7

⇒4¥ contribution ~ NIE
- ✓

④

Where ✗ = Ftv - E
- N 2×2 ⑥



Simplest large N models

Matrix models (aka matrix integral )

2- = Jdm e-
Trvcnaj

where tq= hermitian/unitary
matrices

This is known as 1mm (one matrix model )

Forex : - Tr VCA,B)

2- = JDADB e-

-
-

is referred IT as ?! ⑦



But a wide class of MM are not exactly
solvable in the large N limit .

Fortunately , 1 MM Chermihan ) is solvable .

Reference :
BN~in.lt#Pma- 1978

(BIPZ)

we 'll not give the
details but the basic idea

is :
"

2- = fed e-¥<
Trvcm )

- N EVA:)

§ti =/ Taxi
☐
ÉÉ??

⑧
21T Horde determinant



£ = J ¥, d¥÷ entseft 'M - ①

where

Sgelx ) = - t.FI, VAD + -2 ¥. log
Hi -HI

ght
In the N →•

,
① will be dominated by saddle

point configuration that extremity Sgt .

Varying one of the eigenvalues we get saddle

point eg
"

:

⑧



F- ¥7 ¥x;
= Vg¥÷ i -- i . . .

n

and then we can use complex analysis to pose

this as Riemann - Hilbert problem and solve !

I
one -

cut

solution ! !

⑨



UNITARY MATRIX MODELS ✓ Solvable

classic example : large N two - dimensional ULN) lattice

gauge theory with
Wilson action .

→
Wilson

action

Is
Slu)=§g±Tr U tho)

¥
where

IPTU = U
,
0203 V4

P
outcry

f
Toeplitz }AijDI. = fades

= °et[Ij, (yay]
matrix

④
j , K -- I . .

N



First studied by iHeu_F1980)_
and was shown to have large N phase transition

of third-year at 2=g2N

EXERCISE : Compute f- = - lnZ(N , x) using
Mathematica . Evaluate first Fond derivative

w.r.tt ! !



Solving Matrix models

analytical Montecarlo (early 200Bootstrap(197-8) onwards !)
¢020 )

major part of
what follows !

now

µqq

Bk

④



Reproducing the exact result

using Nunneries

we use HMC algorithm to study the matrix

models

]
→ First

introduced
,,

in Duane , Kennedy ,
Pendleton
' Rowelh

tuition using a line
-

reversible & volume preserving
integrator .(Ex : leapfrog )

Generate a series of configurations
and estimate the

arrearage of a given
observable as :

CA> = f- ÷ AEEI (1+04*1)
①



HMC ALGORITHM

2 =/ Idf, Idol, e-
HGH

and Hamiltonian is

H = £ I paid + Sla)

This is then evolved as per
Hamilton 's q

'

using a

fictitious time
'

T
' ( also knows as MDTU)

d§z = 0¥
and dP-dt = -0¥

IE.
9=9-1 pot P =P + DE



At the end of the evolution , an
ACCEPT/ REJECT

test is done .

Summarize HMC : -

1) Choose momentum
'

p
'

from P( pi ) ✗ e -1¥

2) Solve Hamilton 's equation numerically for some
time 'T

'

where (p , 9) → (p
'
, ol

')

3) Accept proposed q
'

with probability
Pace = min[1 , e-

OH

]
where OH = 11-10:p ') - Http)

④



EVERYONE

LEAPFROG ALGORITHM } IMPLEMENTÑ^y in PYTHON

④



PHASE - SPACE AREA

Leapfrog and even fancier algorithms ( like Omelyan)

both share property of preserving phase space area .

There are properties of exact solution so it is

nice to satisfy them in Nunneries .
A- means

that during an update Cfp ) → Clip ' ) we

conserve phone space measure .

flite leapfrog
!



Generating Momentum at start

Since we are eventually interested in the large
N limit of matrix models , we

will be interested

in generating NXN momentum matrices ?

⑥
-



EXERCISÉ

Implement this in Python 1.1
.

↳ use random
. uniform 10,1 )

and check that it indeed generous
Gaussian distribution ! !

④



RANDOM HERMITIAN MATRICES

④



S =tr +8¥ ] → ""

I f. ✗⇒ +

matrix

↳ implement in Python .

Compute forces f- = -8¥ = Is
2×-1

Plot the expectation value of Tr(✗2) v1 MDTU

for gg=
1 and compare to exact rake

.

we'll use shorthand :

tq = TrC¥ ) ④



lmmisSPEC.LA#

Exercise : Find to in terms of tz and check ! !

④



GENERAL MATRIX MODELS

Ip (gicik) = JDMDMZ . -Dmpexp Trf?ÉiM ? - gmi
"
+ cÉMiMi+

,
+ kmpm)i. =L

T-in- considered in Chadha
,
Malraux

,
Mehta (1981)

with k=0

E- O k -1-0

Solvable ⇒ Not solvable

Monte Carlo
nunneries .

For simplicity comider f- 3 now .

②



3MATRIXMODELConn.de
Tr(XIz

,,
) for g=1 and c=k= 0.5

④



MORE COMPLICATED MODELS

Until now
,
we have only considered interactions between

matrices of form : tr (AB) which we call quadratic

in matrices . Now ,
we consider quartic interactions

of the form : trfA.BY) for two - matrix model .

This will be important ingredient
when we corridor

models which have holographic interpretation -

②



HOPPE 'S MATRIX MODEL

2- = JDxgye-Ntrk-Y-gyx.MY
Compile Trffx ,y]Y vs. g

and check that it is

un as g.
→ • .

References : hep-1h/ 9810035 [Kazakov ,
Kostov

,
Nekrasov]

and citations to this .

④



90 MM CLASS OF MODELS

IKKT model :

↳ hep -1h/ 9612115

2 = / dady e
- s

where S = 4- Tr [An .AM?-tzTr-YPTAmY]

⇒
-

S
fermion

M ,
V = 1 . .

. 10

generally 1 . .
.
d



EXACT RESULT : SCHWINGER - DYSON
IDENTITY

.÷=÷

Let's consider bosonic sector of the
model

and perform HMC and compare
to the

above result .

④ Estimate autocorrelation time of the average
action computer ! Errors : 1210.3781



SUMMARY

We studied a wide range of matrix
models

which are used in different areas of Physics

ranging from
Nuclear Physics ,

Statistical Mechanics ,

Supersymmetry , Holography and quantum Gravity .

→ analytically
we considered some solvable models and checked

that Monte Carlo reproduces those results .

Then

we moved to more complicated ones
where exact

treatment is not possible .


